A method for designing stable circularly symmetric two-dimensional digital filters is presented. Two-dimensional discrete transfer functions of the rotated filters are obtained from stable one-dimensional analog-filter transfer functions by performing rotation and then applying the double bilinear transformation. The resulting filters which may be unstable due to the presence of nonessential singularities of the second kind are stabilized by using planar least-square inverse polynomials. The stabilized rotated filters are then realized by using the concept of generalized immittance converter. The proposed method is simple and straight forward and it yields stable digital filter structures possessing many salient features such as low noise, low sensitivity, regularity, and modularity which are attractive for VLSI implementation.
INTRODUCTION
Two-dimensional (2D) digital filters find applications in many areas such as geophysics, robotics, biomedicine, image processing, and prospecting for oil [1, 2] . A special class of 2D infinite impulse response (IIR) digital filters whose magnitude responses are approximately circularly symmetric can be realized by cascading a number of elementary filters known as rotated filters [3, 4] . A rotated filter is designed by rotating a stable 1D analog filter and then using the double bilinear transformation to obtain the corresponding digital filter. However, the stability of these rotated digital filters is not guaranteed due to the presence of nonessential singularities of the second kind [5, 6] . To overcome this problem, a new type of rotated filters known as pseudorotated filters has been proposed in [7] . Methods for realizing rotated and pseudorotated digital filters by using the concept of generalized immittance converter (GIC) have been reported in [8, 9] .
In this paper, a new method is proposed for realizing stable 2D rotated GIC digital filters using planar least-square inverse (PLSI) polynomials [10] [11] [12] [13] [14] . It is shown [10] [11] [12] [13] [14] that an unstable 2D IIR digital filter can be stabilized by replacing its denominator polynomial, say B(z 1 , z 2 ), by a new polynomial B (z 1 , z 2 ) which is the double PLSI polynomial of B(z 1 , z 2 ) and the magnitude response of the resulting stable filter would be approximately equal to that of the original unstable filter. Though this approach is not valid for a general 2D polynomial, it is shown in this paper that the denominator polynomials of the 2D discrete transfer functions of the rotated filters belong to a specific class of 2D polynomials for which the PLSI-based stabilization method can be applied.
ROTATED FILTERS
Consider a stable 1D analog filter transfer function of the form
where 
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The general forms of H 1 (z 1 , z 2 ) and H 2 (z 1 , z 2 ) obtained by using the above procedure will be as shown:
where
α ii and β ii in (3) represent real constants. Though the analog filter transfer functions of (1) are stable, the discrete transfer functions H 1 (z 1 , z 2 ) and H 2 (z 1 , z 2 ) of (3) can become unstable if nonessential singularities of the second kind are present [5, 6] . Hence it is necessary to stabilize these transfer functions prior to their realization. For this purpose, we use an approach based on PLSI polynomials.
USE OF PLSI POLYNOMIALS FOR STABILIZATION
Shanks et al. [10] have proposed a technique based on PLSI polynomials to stabilize 2D recursive filters in such a way that the magnitude responses of the stabilized filters are approximately equal to those of the original unstable filters. This technique is based on the conjecture that the PLSI polynomial of an arbitrary unstable 2D polynomial is stable. Thus if D(z 1 , z 2 ) is the denominator polynomial of an unstable filter, by replacing it with the double PLSI polynomial of D(z 1 , z 2 ), we would obtain a stable filter with magnitude response close to that of the original unstable filter [10] . Shanks's conjecture has not yet been proved for a general case [11] [12] [13] [14] . However, this conjecture has been proved for specific polynomials of the types D 1 (z 1 , z 2 ) and D 2 (z 1 , z 2 ) of (3) [13, 14] .
Let D 1 (z 1 , z 2 ) and D 2 (z 1 , z 2 ) be the PLSI polynomials of D 1 (z 1 , z 2 ) and D 2 (z 1 , z 2 ) of (3c) and (3f), respectively. Let us assume that D 1 (z 1 , z 2 ) and D 2 (z 1 , z 2 ) also have the same forms as the original polynomials D 1 (z 1 , z 2 ) and D 2 (z 1 , z 2 ), respectively. In other words, we assume that (3c) and (3f) with different sets of coefficients, say β ii , can represent the PLSI polynomials D 1 (z 1 , z 2 ) and D 2 (z 1 , z 2 ), respectively.
The coefficients β ii of these PLSI polynomials can be obtained from the coefficients β ii of the original polynomials by solving a matrix equation of the form [13, 14] 
where Γ is a centrosymmetric matrix whose elements represent the autocorrelation coefficients of the original polynomial. For obtaining the coefficients β ii of the first-order PLSI polynomial D 1 (z 1 , z 2 ), (4) takes the form [13, 14] (5b)
Similarly for obtaining the coefficients β ii of the second-order PLSI polynomial D 2 (z 1 , z 2 ), we need to solve the following equation [13, 14] :
where r i are the autocorrelation coefficients of D 2 (z 1 , z 2 ).
The transfer functions of the rotated filters are stabilized by replacing the denominator polynomials D 1 (z 1 , z 2 ) and D 2 (z 1 , z 2 ) by their double PLSI polynomials D 1s (z 1 , z 2 ) and D 2s (z 1 , z 2 ), respectively. The coefficients of D 1s (z 1 , z 2 ) and D 2s (z 1 , z 2 ) can be obtained from those of D 1 (z 1 , z 2 ) and D 2 (z 1 , z 2 ), respectively, by going through a two-step procedure given below. (5) and (6), respectively, for the second time.
At the end of step (ii), we obtain the stabilized transfer functions of the rotated filters which are shown in (7) and (9):
Ezra Morris Abraham Gnanamuthu et al. Figure 2 : Second-order CGIC-PA rotated digital filter structure.
where N 2 z 1 , z 2 = α 00 + α 01 z 2 + α 02 z As illustrated in [10] , when the PLSI technique is applied to the unstable filter, the poles are moved away from the unit bidisk, thus removing the nonessential singularity of the second kind if it is present. This concept holds good for filters of any order.
REALIZATION OF ROTATED FILTERS USING GIC CONCEPT
It is known that the 1D and MD digital filters designed by using the concept of GIC have many salient features such as low noise, low sensitivity, modularity, and absence of limit cycles [8, 9, 15, 16] . The GIC digital filters are basically wave digital filters derived from reference analog configurations comprising GICs and resistors [15] . The method reported in [9, 16] can be used to realize 2D GIC digital filters directly from the given discrete transfer functions without the need for obtaining the analog reference configurations. The GIC digital filter structures which realize the transfer functions of (7) and (9) are shown in Figures 1 and 2 , respectively, [9] . These filter structures make use of two types of modules known as current conversion GIC and parallel adaptors [9, 15, 16] . The multiplier constants m υ and k υ of Figures 1 and 2 can be determined by using the procedure reported in [9, 16] .
EXAMPLE
Consider a first-order stable analog filter
Applying the transformation s = c 1 s 1 + c 2 s 2 with c 1 = 0.1564 and c 2 = 0.9877 in (11), we get
Applying the double bilinear transformation of (2) with T 1 = T 2 = 1s, we get
where By using the stability conditions of a first-order 2D polynomial given in [10] , we conclude that H 1 (z 1 , z 2 ) of (13) is unstable. Replacing D 1 (z 1 , z 2 ) of (13) by its double PLSI polynomial, we get
H 1s (z 1 , z 2 ) represents a stable filter as it satisfies the stability conditions given in [10] . The stability of the 2D transfer functions of (13) and (16) can also be verified by mapping the z 2 unit circle onto z 1 plane to check whether the following theorem is satisfied [10] . Using the procedure described in [10] , the contour plots of the transfer functions are drawn as shown in Figures 3 and  4 , where the z 2 unit circle is mapped onto the z 1 plane. We note from Figures 3 and 4 that for the unstable filter, the z 1 and z 2 unit circles intersect whereas for the stable filter, they do not [10] . The normalized magnitudes of H 1 (e jω1 , e jω2 ) and H 1s (e jω1 , e jω2 ) are shown in Figures 5 and 6 , respectively. Figure 7 shows the absolute value of the error |ε| between the magnitudes of H 1 (e jω1 , e jω2 ) and H 1s (e jω1 , e jω2 ). The GIC filter realizing H 1s (z 1 , z 2 ) is obtained by using the procedure given in [9, 16] . 
CONCLUSIONS
A method for realizing stable circularly symmetric 2D GIC digital filters has been presented. The proposed method makes use of PLSI polynomials for stabilizing the rotated filters. This procedure enables one to stabilize filters obtained with magnitude characteristics close to those of the original unstable filters. The steps involved in the stabilization and implementation of the rotated GIC filters can be carried out using a computer program. Since the GIC filter structures possess regularity and modularity, they are considered to be attractive for VLSI implementation.
